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Section I

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple choice answer sheet for Questions 1-10.

2 1
1. Ifg=| 1 |andb=| -1 |then anon-zero vector ¢ such that g-¢c=5-c=0 could be

-1 2
-1 1

A 5 B 3
-3 5
-1 -1

C 5 D. |-5
3 -3

2. A certain complex number i is represented by the point P on the Argand diagram below.
i

The axes have the same scale.
Im(z)
A

o A o B
o C

= Re(z)

o P
oD

The complex number 7 is best represented by

A, A B. B

c. C D. D

Section I continues on the next page
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Section I continued

6 -3
3.  Inthis diagram, OA=|-1|, 0B=| 4 |and AP:PB=1:2.
8 -2 A
The vector OPis equal to P
%) B
0 9
A. ! 7 B 7
3
4 4
9 9
c. |12 D % >
4 14

4. If m=acis(6,) and n=3cis(6,) and mn:%cis(—%j then

a, 6, and 6, respectively could be

A L 2m 3
6 3 4
NPT
37 4
c. L 2z 37
37 4
D. 6 -2, 2
37 4

Section I continues on the next page



Section I continued

S.  The points R, S and T are collinear.

_—

Given that 5§:£’+j, OS =2i—j+k and af=3£+mj+nlg,the values of m and n are

A. m=3n=-2
B. m=-1,n=0
C. m=0,n=1

D. m=-3,n=2

6.  Consider the complex numbers 2z, —iz and 2z —iz, where z # 0.
These three complex numbers are plotted in the Argand plane and together with the origin O,
they form the vertices of a quadrilateral.

The area of this quadrilateral is

A 27

B. |2

c. [

D. |+[2]

Section I continues on the next page



Section I continued

7. Given the vector g = %(\/5 i—j+ Ig) , then the vector g

A. makes an angle of 120° with the positive y-axis and 30° with the positive z-axis.
B. makes an angle of 45° with the positive x-axis and 120° with the positive y-axis.
C. makes an angle of 45° with the positive x-axis and 150° with the positive y-axis.

D. makes an angle of 135° with the positive x-axis and 150° with the positive y-axis.

8.  The number of distinct roots of the equation (22 —2zi— l)(z2 +2i )(22 +2zi + 2) =01is

A 3
B. 4
C. 5
D. 6

Section I continues on the next page



Section I continued

9.  The triangle formed by the three points whose position vectors are

2 4 3
4 |, |S|land| 6 |is
-1 1 -3

A. ascalene triangle
B. aright-angled triangle which is not isosceles
C. anisosceles triangle which is not right-angled

D. aright-angled isosceles triangle

10. By using the substitution u = cos x , or otherwise, it can be shown that j cos’x sin’x dx =

3 5 7 9
A _cos’x +3cos X _3cos X +cos X LC
3 5 7 9

B. —cos’x +3cos’x —3cos’x +cos’x +C

3 5 7 9
C. cosx_3cosx+3cosx_cosx+c
3 5 7 9

D. cos’x —3cos’x +3cos’x —cos’x +C

End of Section I



Section 11

90 marks
Attempt Questions 11-16
Allow about 2 hours and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11-16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet. Marks
(@) Letz=-1+3iandz, =21

Find the following, in simplest form:

1 oz +z 1
(i)  z:z, 1
(iii) Re(z)—Im(z,) 1
(b) (i) Find i(loge (x> +1)). 1
dx
e?-1
(i1)) Evaluate J > al 1 log, (x2 + 1) dx , answering in simplified form. 2
0 X+
(c) () Express 5cos@—2siné in the form Rcos(0+a),whereR>0 and0<a<%. 2
. . . dx
(ii)) Hence, or otherwise, find . 3

2
SCOSE—ZSinf
2 2

(d) A complex number z satisfies the inequality ‘z +2- 2\/§ i‘ <2.

(1)  Sketch the corresponding region representing all possible values of z. 2

(i1) Find the set of possible values Arg z can take. 2



End of Question 11

Question 12 (15 marks) Use a SEPARATE writing booklet. Marks
@ () Simplify (1-i)". 1
(i)  Solve the equation z* = (1 —i )6 , writing the solutions in the form x+iy. 2

(b) The complex number 3—i is denoted by u.

(i) Express “ in the form X+iy. 1
u
. Dy u a3 a1
(i) By considering the argument of —, prove that tan 2 =2tan 3) 2
u
(c) What are the values of real numbers p and g such that 1—-i is a root of the equation 2

2+ pz+qg=0?

(d) (1) By using the method of completing the square, or otherwise, 2

solve z° —2zcos@+1=0. Give your simplified solutions for z in terms of 6.

(i) Let a and S be the two solutions found in (i). If P and Q are points 2
on the Argand diagram representing " + " and a" — " respectively,

show that PQ is of constant length for n, neZ".

(e) Find the coordinates of the point which is nearest to the origin on the line 3
X 1 -1
y|=|2 |+ -3
z 2 0



End of Question 12

Question 13 (15 marks) Use a SEPARATE writing booklet.

(a)

(b)

(c)

(d)

Using the exponential form of a complex number, prove that

(cosH+isin¢9)n = cos(nd)+isin(nb), neZ.

@

(ii)

Prove that a possible value of (—1)_l is e”.

Hence, or otherwise, find an expression for all the possible values of (—1)_l

A particle’s motion is defined by the equation v =12 +4x —x°, where x is its

displacement from the origin in metres and v its velocity in ms™'.

Initially the particle is 6 metres to the right of the origin.

@

(ii)

(iii)

Show that the particle is moving in Simple Harmonic Motion,
stating the centre of motion.

Find the period and the amplitude of the motion.

The displacement of the particle at any time ¢ is given by the equation
x =asin(nt+6)+b.

Find the values of 8 and b, given 0 <6 <27.

A particle of mass m kg is fired directly upwards with speed 200 ms™' in a medium

. 1 . _ -
where the resistance is Emv newtons when the speed is v ms™'. Let g =10 ms™.

Hence, for the upward journey, X = —%(100 + v) , where x metres is the vertical

displacement from the point of projection.

@

(ii)

Show that the maximum height attained above the point of projection

is 1000(2—log, 3) metres.

Show that the speed v ms™ of the particle on return to its point of projection

satisfies the equation ﬁ +In + (2 —In 3) =0.

v
100

Marks



End of Question 13

Question 14 (15 marks) Use a SEPARATE writing booklet.

(a)

(b)

(©

(d)

The prime numbers are 2,3,5,7,11,13,17,19,23,29,31,37,41,43,47,53,59, ....

The square numbers are 1,4,9, 16,25,36,49,64, ....

With one exception, if a square number differs from a prime by 1, the prime is bigger.

Marks

2

For example, 16 is a square and 17 is a prime. The prime is bigger. The only exception is

prime 3 and square 4.

It is conjectured that for all consecutive numbers that are a prime and a square,

except for 3 and 4, the prime is bigger.

Prove the conjecture is true.

Use proof by contradiction to prove that if a, b are integers, then a’ —4b—3#0.

You may wish to consider the case when a is even and the case when a is odd.

A sequence of numbers is givenby 7, =6, T, =27 and T, =61, _, -9T _,

n

for integers n>3.

Use mathematical induction to show that 7, = (n + 1)3" for integers n > 1.

(ii)

(iii)

(iv)

) +isi
Use De Moivre’s theorem to show that (1 +itan 9)5 - o058 20 +isin>0 .

cos’ 6

Hence find expressions for cos 56 and sin 56 in terms of tan @ and cos 6.

3 5
Show that tan 56 = % where t =tan 4.
1-10¢" +5¢

Use the result of (iii) and an appropriate substitution

to show that tan% = \/5 — 2\/5.

End of Question 14
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Question 15 (15 marks) Use a SEPARATE writing booklet. Marks

(a) The trajectory of a projectile fired with speed u ms™' at an angle & to the horizontal,
in a medium whose resistance to the projectile’s motion is proportional to the

projectile’s velocity, is represented by the parametric equations

b

_ucosd —kt 3 (lO—i—ku sin 9) k) 10t
x=— (l—e )and y—k—z(l—e )—7

where k is the constant of proportionality of the resistance.

(1)  Show the greatest height is reached when ¢ = %log B (

10+ ku sin Qj
10 '

(i) If £=0.5, u=40 and 8 =30", show that the greatest height is reached when the 2

projectile is at the point (20\/5, 40(1 —log, 2))

1
(b) n:J ;ndx, n=12,3,...
0 (1+x2)

(i) Showthat I, = I+ : 3

(i) Hence evaluate —3 dx. 2
(1+°)
oll+Xx

Question 15 continues on the next page
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Question 15 continued

(©

Relative to a fixed origin O, the points A, B and C have position vectors

-1 4 6
4 4 1
a=| — |,b=|—-|andc= 16 respectively.
3 3 3
7 2 2

(i)  Find the cosine of LABC.

(i1)) Hence find the area of the triangle ABC.

(ii1)) Use a vector method to find the shortest distance between the point A and

the line passing through the points B and C.

Let D be the point such that the quadrilateral ABCD is a kite,
where BC = CD and BA = AD.

(iv) Find the position vector of the point D.

End of Question 15
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Question 16 (15 marks) Use a SEPARATE writing booklet.

(a)

(b)

(©

T

dx

I X
Use the substitution ¢ = tanE to show J ’ =log, 2.

(ii)

(iii)

2
< 1
Consider the function f (x) = Z( a,x —TJ where a,,a,,...,a, are positive real
= a

0 2—cosx+2sinx

Write down an expression for the sum of the arithmetic series

14243+4+.....+(n-1).

Using calculus, or otherwise, show that for x >0, x > log, (1 + x).

Using (i) and (ii), show that e@ > n! for positive integers n =2,3,4...

1

numbers.

@

(ii)

By expressing f (x) as a quadratic function of x, show that

1 1 1 )

(a,+a,+..+a,)| —+—+..+— |2n".
al a2 an

Hence show that 1+l+1+...+122—n.

2 n n+l

End of Question 16

End of Paper

13
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